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Abstract 

Using the operator formulation we discuss the bosonization of the two-dimensional derivative-coupling model. 
The fully bosonized quantum Hamiltonian is obtained by computing the composite operators as the leading terms 
in the Wilson short distance expansion for the operator products at the same point. In addition, the quantum 
Hamiltonian contains topological terms which give trivial contributions to the equations of motion. Taking into 
account the quantum corrections to the bosonic equations of motion and to the scale dimension of the Fermi 
field operator, the operator solution is obtained in terms of a generalized Mandelstam soliton operator with 
continuous Lorentz spin (generalized statistics). 

1 Introduction 

In the past two-dimensional quantum field models with derivative couplings (DC) have been the subject of various 
investigations within different approaches [Tl[2l[3l|4l[5l[6l[7j[8]. In[l] the two-dimensional model of a mas- 
sive Fermi field interacting with a massless scalar field via vector-current-scalar derivative coupling was discussed 
(Schroer model). In the model of a massless Fermi field interacting with a massive pseudoscalar field via axial- 
current-pseudoscalar derivative coupling was analyzed (Rothe-Stamatescu model). The so-called DC model is a 
generalization of the models introduced in Refs. [1] [5] and is the theory of a massive Fermi field interacting with 
both massless pseudoscalar and scalar fields via derivative couplings. 

The "bosonization" of fermions has proven to be a very useful technique for solving two-dimensional quantum 
field models, as well as to obtain non-perturbative informations of non exactly solvable models [T51 IT51 \TM [TTl [T^ . 
Within the bosonization approach, the existence of a hidden Thirring interaction [TB] in the DC model has been 
discussed in Refs. [21 21 [SI [71 [51 [HI HH]- In Ref. [TU], the model of a massless pseudoscalar field interacting via 
axial-current-pseudoscalar derivative coupling with a massive Fermi field (modified Rothe-Stamatescu model (MRS 
model)) has been analyzed. It was shown that the MRS model is equivalent to the Thirring model with an additional 
derivative interaction. The fully bosonized version of the model is presented. The bosonized composite operators 
of the quantum Hamiltonian are computed as the leading operators in the Wilson short-distance expansion jl7| for 
the operator product at the same point. 

The main purpose of the present work is to follow the approach given in Ref. [10 to compute the bosonized 
quantum Hamiltonian of the DC model and the quantum corrections to the operator solution. This streamlines the 
presentations of Refs. [21 [TU]. The paper is organized as follows: In order to have a self-contained discussion, in 
Section 2 we present a brief review of the operator solution of the DC model as presented in Ref. [9]. In Section 3, 
using the Wilson short-distance expansion for the operator product at the same point, the fully bosonized quantum 
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Hamiltonian is obtained and the Thirring interaction is displayed. In Section 4, using the Hamilton's equations of 
motion, the classical Lagrangian of the bosonized theory is obtained. In Section 5, taking into account the quantum 
corrections to the bosonic equations of motion and to the scale dimension of the Fermi field operator, the operator 
solution is written in terms of a generalized Mandelstam soliton operator with generalized statistics (continuous 
Lorentz spin) . The operator solution of the Schroer model [1] is given in terms of a free massive Fermi field with 
anomalous scale dimension. The concluding remarks are presented in Section 6. 

2 Operator solution: a brief review 

The classical Lagrangian density defining the two-dimensional derivative-coupling model of a massive Fermi field 
interacting with two massless Bose fields is given by 0, 

C{x)=4>{x)i^^'d^4>{x) + ]^d^i^{x)d^ii{x) + ]^^^^{x)^^^i{x) 

5 (V'(a;)7^V'(a;)) + ~g (^i^{x)-1^' ^{x)^ dfj,4>{x) - moi'{x)i}{x), (2.1) 

where "qix) is a scalar field and 4i{x) is a pseudoscalar field. For 5 = 0, except by the presence of a decoupled massless 
boson field, the model corresponds to the Rothe-Stamatescu model [2] in the zero mass limit of the pseudoscalar 
field (p and modified to include a mass term for the fermion field (modified RS (mRS) model 02j), and for 5 = it 
corresponds to the Schroer model [IJ. The quantum equations of motion for the fields 77 and are 

nrjix) = - 3 9;.: ( i^ix) i^ix) ) i = , (2.2) 

□ 0(x) = - 5 5^ ; ( i'ix) r 7' i^ix) ) ; . (2.3) 

The notation :(•): in Eas. (|2.2p and (|2.3p means that the current is computed as the leading term in the Wilson short 
distance expansion pUl [T7] . Due to the conservation of the vector current in Eq. (|2.2p the scalar field 77 is free and 
massless. For massive fermions (mo 7^ 0) the pseudoscalar field (j) does not remain free due to the non-conservation 
of the axial current in Ea. (|2.3p . 

a^{x) = igmo': {i){x) 7^ V(a;)) : . (2.4) 

For massless Fermi fields the model described by the Lagrangian (j2.ip is a scale invariant theory with anomalous 
scaling dimension j2]. As in the standard Thirring model 12 , in order to the theory described by the Lagrangian 
(|2.ip could have the model with a massless fermion as the short distance fixed point, the scale dimension of the 
mass operator must be 

<2. (2.5) 

In what follows the mass term should be understood as a perturbation in the scale invariant model [9l llOj . 

The operator solution for the quantum equations of motion is given in terms of Wick-ordered exponentials 

[i [311 EI], 

7/.(x) = Z" ^ : e * [ 3 '?(^) + 5 7^ 4>{.x) ] . ^^(0) ^ (2.6) 



^The conventions used are: 



9 = -9 
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where is a wave function renormalization constant [5J [21 UHl E] and ^^^\x) is the free massive Fermi field. The 
bosonized expression for the free massive Fermi field is given by the Mandelstam field operator [14] , 

, .1/2 .^ 5 iy^{j^ip{x)+ daifi{x° , z^) dz^ } 
i^^'^Hx) = (^j e"*4 7 -e ^1 (2.7) 

where fi is an infrared regulator reminiscent of the free massless theory. For TOq = use can be made of the fact 
that 

ef^.d-'^^df.ip. (2.8) 

The meaning of the notation :(•): in the field operators is that the Wick ordering is performed by a point-splitting 
limit in which the singularities subtracted are those of the free theory. In this way, the Wilson short distance 
expansions are performed using the two-point function of the free massless scalar field [9l [101 E] 

[<i>(+)(a:),<i>(-)(0)],^„ - ln{V(a:' + ^ex")}. (2.9) 

We shall ignore the infrared problems of the two-dimensional massless free scalar field, since the selection rules 
carried by the Wick-ordered exponentials ensure the construction of a positive metric Hilbert subspace [121 115] for 
the fermionic sector of the model. 

The vector current is computed with the regularized point-splitting limit procedure 

-I I [g^^e^.d'^r^iz) + ~gt^,d''4>{z)]dz^ . 
J^'{x) = lini I ^{x + e)-^^' e Jx ^{x) - V.E.V. | , (2.10) 

with the wave function renormalization constant given by 
The vector current is given by 

J^'ix) = fAx) - ^ e^-d, 4>(.x) - ^ 5'^ ry(x) , (2.12) 



where j^{x) is the free fermion current, 

ff{x) = -^e^'^d,^{x). 

The axial current is 



(2.13) 



Jl:{x) = e^.r{x) = -dA^ ^{x) + ^ ^{x) ) ~ ^ e^,d^r^{x) . (2.14) 

\ y/n TT / TT 

Using (|2.12|) and (I2.14p . the bosonized form of the quantum equations of motion ()2.2|) and (|2.3|) are 

(l-^)n77(x) = 0, (2.15) 

fl-il)D^{x) ^ ^a^{x). (2.16) 
The bosonized mass operator takes the form 

:(v;(x) V(x)): = -^:cos (^2V^ip{x) + 2g^{x)y., (2.17) 
and the 7^-invariance breaking term is given by, 
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:(iP{x)-f^i;{x)y. = i^:sin (^2y/^ifix) + 25<?!)(x)):. (2.18) 

For TUo = the axial current (|2.14p is conserved. In this case the pseudoscalar fields (p and (p are both free and 
massless. Notice that, due to the conservation of the vector current (|2.12p . the scalar field 77 is a free massless field, 
even for nio 0. From the bosonized mass operator (|2.17p and from the equation of motion (|2.16p we see that for 
irio ^ the fields (p and (j) are coupled sine-Gordon-like fields. The mass operator is independent of the scalar (free) 
field 77 associated with the vector-current-scalar-derivative interaction (Schroer model) in the Lagrangian (|2.ip . 
Let us introduce the canonical fields rj ' and 4/ by the fields scaling 

(1-^)77 = 77', (2.19) 

(1-^)^=^'. (2.20) 
For g ^ 0, performing the canonical field transformation 

= + 4,' , (2.21) 

= , P - 2^4' , (2.22) 



with 



1 - ^ 



= (2.23) 



the mass operator (I2.17P is given by 

: {ip{x) il}{x)^ : = - J : cos ( /3 $ ) : . (2.24) 
The equation of motion (|2.16p is then reduced to 

nl{x)=0. (2.25) 

The vector current (|2.12p can be rewritten as 

Mx) = i^^{x) + Jl\x) , (2.26) 



where 



and the Thirring current is given by 



r^^{x) = - ^ , iiix) , (2.27) 



Jl\^) = -^e^.d'^H^). (2.28) 



As in the case of the MRS model (TU], the field ^ does not contribute to the fermionic current. Using the fact that 
the field ^ is free and massless 

e,,d''l{x) = d,i{x) , (2.29) 
and using (I2.2ip - (l2.22p . the Fermi field operator ()2.6p can be rewritten as 
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i[ iix) + gi{x) 

2 . ^ 

where ^1/ is the Fermi field operator of the massive Thirring model given by the Mandelstam operator |14j 



i^{x) = *:e ^ :vl,(x), (2.30) 



^f(x) = — e ' 4 ' :e 



V2W " - •' (2-^^) 

with Lorentz spin S = ^. The Thirring interaction is not affected by the introduction of the vector-current-scalar- 
derivative coupling corresponding to the Schroer model (5-coupling) , which implies that the Thirring interaction is 
a intrinsic property of the MRS model [9]. 



3 Bosonized quantum Hamiltonian 

In this section we shall obtain the fully bosonized Hamiltonian of the DC model. Following Ref. [10], the bosonized 
composite operators of the quantum Hamiltonian are obtained as the leading operators in the Wilson short distance 
expansion for the operator products at the same point [17]. From the Lagrangian (|2.ip . the classical canonical 
momenta tt-, tt^, conjugate to the fields (j) snd 77, are computed by assuming that both classical vector and axial- 
vector currents are independent of the fields and 77. In this way, the momenta are formally given by the expressions 

7r^(x) = -f 5 ( Mx) 7° 7' i>{x) ) , (3.1) 



iTr,{x)=dS{x)+9{^{x)f^{x)). (3.2) 

For vTLo = 0, the quantum Hamiltonian density of the scale invariant model is obtained from the classical Hamiltonian 
with the classical fields replaced by their quantum operator counterparts, and is given in terms of the normal-ordered 
operator products 

nix) = \:(d,4>{x)f: + \:(d,4>{x)f ■■ ~ \:(dor^{x)f : + \:(d,^{x)f : 



- i:{i!{x) 7^ di %l){x) y. - g: [ij){x) 7^ 7^ ik{x)^ di4>{x) : ~ g : (i^ix) 7^ ip{x)j di'q^x) : , (3.3) 

with the currents given by Eqs. (|2.12|) - (|2.14p . In terms of the spinor components "00 = 1,2.), the kinetic term 
of the Fermi field in the Hamiltonian (13. 3p can be written as 

2 

h{x) = - i\(i>{x) 7I 5i 7A(x)) : - (-1)"+' h^(x) , (3.4) 

a=l 

where 



ha{x) = i:ii^^(x)diipa{.x): . (3.5) 

We shall compute the composite operator ha{x) as the leading term in the Wilson short distance expansion for 
the operator product at the same point using the same regularization as that employed in the computation of the 
fermionic current (|2.12p . To begin with, let us consider the point-splitting limit 

K{x) = lim ^K{x]e) + h.c. - V.E.v)^ , (3.6) 
where ha{x;e) is defined by the splitted operator product 

K{x;e) = - :V'i(x + £)e -I -00 ' ' dii'o.ix): J , (3.7) 
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with 

^^(z) = ge^^d-'^iz) + gjl^e^^d-'viz). (3.8) 

Using the operator solution (|2.6p , the operator product (|3.7p can be written in terms of the Wick-ordered exponen- 
tials of the fields ^ and 77 as 

[gd^vix] + ~g^l^dMx)):U^^')\x + e)i;(^Hx)], (3.9) 



1 .^~tSa,{x+e). I .^i^cix) 



2 

where we have defined 

I]„(x) = gvix) + ~giU{x) -f / ^^(^)dz^ (3.10) 

and h^S\x] e) is the contribution of the kinetic term of the free Fermi field, 

/.W(x;e) ^'-^if{x + e)d,i^^^\x). (3.11) 
In the computation of p.9|) we shall use that 

[llo.e''d^ + e^e^,d'')'^{x) = Te^d±~^{x) , a = 1,2 , (3.12) 
and that, if [B, A\ = c - number, 

A ^ Ae-^ ~ [B,A]e-^ , (3.13) 

e I :e - * " " $(j/): - i a ( 9^,1 (x - y) ) :e " * " " : | , (3.14) 

where 

i^(+)(x) = [$(+)(a;) , $(-)(«)] • (3.15) 
Performing the normal ordering of the exponentials of the fields ry and (/>, we can decompose p.9p as follows 

h^{x-e) = h\^\x-e) + h^i'\x;e) + h'^l"\x-e) . (3.16) 

where 

/i(/)(x;£) = :e±*-'*^±[s^(")Tf''(")l:/ii°)(x;e), (3.17) 

/i(")(x;£) = -\[^^f{x + e)^'^^Hx)):e^^'^'^^^~*^^^^^^'^-^^ (3.18) 

/i(/^^)(a;;e) = ^F„(£)(^io)\x-l-£)^i°)(x)):e±-*^±[^^(-)TS''(-)l:, (3.19) 
where the singular function Fa{e) is given by 

F^{£) = ±{g^+f)^. (3.20) 
Let us consider the term ft,'^^-'. Using that [TUl [TT] 
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/iL°)(x;e)= ±i:(a±^(a;))': ± + 0(e) , (3.21) 

in order to compute the leading operator in the e-expansion of h'^^\x] e) we need to retain terms up to second order 
in e in the exponentials, 

^L'H^) = h^o.\^:£) + h.c. - V.E.V. , 
and combining the contributions from the two spinor components, the operator h^-^\x) is given by 

= n'~' (x) - ^ n'"' (x) - ^ H^"' (x) + ^ {do ^{x) dir^ix) + di4>{x) do v{x)) , (3.22) 
where 7i^' (x) is the canonical quantum Hamiltonian density of the free massless field 



n 



t\x) = ^{-.[doHx))': + ■.{^^^x)y■.}. (3.23) 

The first term in (|3.22[) corresponds to the bosonized Hamiltonian of the free massless Fermi field [TOl [11] . The 
terms proportional to and in p.22p are quantum corrections to the free Hamiltonian of the fields rj and (f). 
Defining the current 

^ -{ge^^d-'^ + gd^r,), (3.24) 

the contribution p.22p can be rewritten as 

h'^'Hx) = -h';\x) - i-{:(ifo(a;))': + : (ifi(:r))' : } . (3.25) 

Let us now consider the second term h^^^\ To this end, we must compute the operator product of the free 
fermion field appearing in Eq. (j3.18p . Using p.l2p and normal ordering the exponential, one obtains 

{x + £) [x) = .g ± « v^e± a± , . (3.26) 

Introducing 

J±{x) = Mx) ± Ji{x) = ±d±{ ^^{x)+~^^{x) T (3.27) 
and using (|3.26p . we can write p.l8p as 

- ^■.e'^'^^^^"'^d,(g^{x) + ~g^lJ{x)):. (3.28) 
Expanding the exponential in p.28p in powers of e up to first order, one has 

h^I'\x)^h[l'\x-e) + h.c.- V.E.V. ^ \ :J±{x) d^(gi^{x) + ~g^lJ{x)): + 0{e) . (3.29) 
The leading operator in the second contribution h^^^\x) = h[^'^\x) — h\^^\x) is then given by 

h^"\x) ^ g:(^4'{x)i^^{x)) dif^ix): + ~g ■.(^4,{x)-i^^^xl^{x)) di4>{x): . (3.30) 

As expected from the operator solution (|2.6p . the contribution (|3.30p cancels the corresponding terms in the Hamil- 
tonian p.3p . 

Finally, let us consider the term h^^^^\ Using p.26p . (|3.27p and p.20p . we can write p.l9p as follows 



/.r)(x;£) = ±^^3±f^ (^:e^-^'^±(^):. (3.31) 



Expanding the exponential in powers of e up to second order, we get 

hi^'^Kx) = hi^''\x;e) + h.c. - V.E.V. = T \{9^ + f) ■.{j±{x)f : . (3.32) 
The leading term h^^^^\x) is given by 

h^'"\x) = ^l{g^ + ~g^){:[^J,{x)y: + (3.33) 

and corresponds to the contribution of the Thirring interaction to the quantum Hamiltonian. Collecting all terms 
p.25p - p.30p - p.33p . the bosonized form of the fermionic kinetic term (|3.6p is given by 

h{x) = i:(i!{x)^^di->jj{x)y. ^H^'~\x) + g:(^Vi(x)7V(2;)) 9iry(a;): + g:(^V5(x)7^7^V(a;)) 5i0(a;): 

- l-[..(K,{x)f: + :(K,{x)f:] l{g^+f)[..(j,{x)f: + ■.(j,{x)f :] . (3.34) 
Introducing the mass perturbation, the total bosonized quantum Hamiltonian (|3.3p is given by 

-n^Ax) = <(x) +<'(x) +H^"'(:r) _ ^{:(a'o(x))': + : (ifi(x)) ' : } 

- \ {9''+f){-{Mx)f- + ■{Ji{x)Y-] + m'^:cos{2V^g>{x) + 2~g4>{x)):. (3.35) 

where mj, = [imojix. (In what follows we shall supress the subscript "bos".) 

Before proceeding, we should like to do some formal manipulations which, later, will give us a basis to obtain 
the bosonized Lagrangian. To begin with, let us write the bosonized Hamiltonian explicitly in terms of the fields 
t;,^ and 0. Decomposing the vector current JT^ as 



where 



= - e^-S" J - ^ 9^ry , (3.36) 

TT 



J=^(?+^(/., (3.37) 

^/7^ TT 



and using (IX^ . one finds from (^35)1 ((? = (.g^ + g2)/2) 



7^ = 7^<' + (l-^)<) + (l-^[l + ^; 
^ — (ao^9o^ + di^dxt) + cos {2^^ +2.9 0) + , (3.38) 



7^5,3)= (l-^fl + ^)), (3.39) 



where 



TT \ TT 

and bJi is a "topological" coupling term given by 

Sn ^ ^ (dovdi^ + do^dm) +9— {dovdiJ + doJdnj) . (3.40) 

For g^ ^ 0, in order to decouple the derivative-coupling term among the sine-Gordon fields ip and in (|3.38p . let 
us perform the field scaling 

^' = (1 - v)'^' (^-^^^ 
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and introduce the field combination 



We obtain, 



£ = ^' - -7= ~ ^. (3.42) 



n = t'K' + '^f + "'^r + ™° f 2 / + ^ ^^Q, + (3.43) 



where 



1 _ Gi _ £ 

Defining the canonical field </>', 

4>' = a4>, (3.45) 

and introducing the canonical field transformation, 



1 - ^ 



a 



1 - ^ 



fiC = 2j^ —I ; ^1 ^ - h (3-47) 

where 



1 _ iL_ — a_ 

TT TT 



47r 



the bosonized Hamiltonian is given by 



(3.48) 



W = + + Uf + m; cos (6$) + ^W, (3.49) 
where we have defined the canonical field 

r?'=7r?, (3.50) 

and the topological term bJi can be written as 

m = - a (eioa°$ dxri + ex^d'^rj aj) + 6 (eioa°f ^i??' + eioa°j?' dx^ , (3.51) 

with 

a = .7-f (^ + ^) ,5=^,-. (3.52) 
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4 Bosonized Lagrangian 

As in the Thirring model, in order to perform computations within the functional approach, we need to know the 
fully bosonized Lagrangian. In this section we shall consider the reconstruction of the classical bosonic Lagrangian 
corresponding to the Hamiltonian (j3.35p . To begin with, let us denote by 11 the new canonical momenta associated 
with the bosonic fields of the effective bosonized theory described by (|3.49p . The corresponding Lagrangian is given 

by 

C{x) = Il^{x)dQl{x) +n^,(a;)5ory'(a;) + Ii^{x)do^x) - Uix) . (4.1) 
In order to obtain the momenta 11$, we shall consider the Hamilton's equations of motion 



d{di^) 

and the Lorentz invariance of the model. To begin with, the canonical equation of motion for the momentum 11^/ 
is given by 



doli^, = dlri' - a9ieioa"$ + 6 9ieio9°C- (4.3) 
From (|4.3p . the Lorentz invariance of the theory requires that 

n^, = doi - aeoiS^i + beoid^l, (4.4) 
implying the following equation of motion for the field ry' 



For the momentum Lt^ one finds 



The Lorentz invariance requires 



□ r,' - a^^.a"* - fca^.a"^^ = 0. (4.5) 

d^n-^^ dll+hdieiod%' . (4.6) 



n| = + feeoiS^', (4.7) 
which leads to the following equation of motion 



For the momentum we have 



□ e = -~bd^'e^,^d''f^' = 0. (4.8) 
doll^ = df^ - adieiod"ri' + Qm'^ sinfi$, (4.9) 



such that 

= ao$ - aeoid^rj' , (4.10) 

and thus 

□ $ - i3TO;,sini3$ = ad^'ei^^.d^rj' = 0. (4.11) 
Now, let us write the momenta (I4.4p - (|4.10p as follows 

n,,, = n^, + sn^, , (4.12) 
n| = n^~ + m|, (4.13) 
n^^n^ + OTi,, (4.14) 
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where 



= -aeoid^^ + bemd^l, (4.15) 
= 6eoi5S', (4.16) 

5IV^ = -aeoid^', (4.17) 

and n are the standard canonical momenta of the free theory. The Lagrangian of the bosonized theory (|4.ip which 
takes into account the quantum corrections to the bosonic equations of motion is given by 

£ - i {d^r^' f + i (9^0' + I (5^^)' - < cosfi0 + SC , (4.18) 

where 

SC = SUr,' dor]' + Sn^do^ + SU^do^ - SH 

= -a{e^Md^Tj' + e^^dr^T]' d^^) + 6 (e^.9.f 9''??' + e^.<9.7/' ) = 0. (4.19) 
This is expected, since from p.5ip and (|4.16p - (|4.17p we have 

6n = dn^, d„r]' + Sn^ OoC + Sn^ da^ . (4.20) 
Defining the triviaUy conserved topological vector- and pseudo-vector currents 

0^ = 6^.9''$, (4.21) 
= e.ud"'^, (4.22) 

i] = e^.d^'ri' , (4.23) 
the trivial topological term of the Lagrangian can be written as 

5C = -a (cjy^ + r?^ 9''$) + h {i^ 3^ + ^'f) . (4.24) 

The contribution from (|4.24|) to the momenta (|4.4p . (|4.7p and ()4.10p are obtained by assuming that the topological 
currents are independent of the Bose fields. Otherwise one getsG 

(5n = 0, (4.25) 

in agreement with 8L — 0. Notice that for 5 = 0, SH. = 0. This is nothing more than a reminiscence of the 
fact that the momenta p.ip and (|3.2p are formally computed by considering the vector and axial currents as being 
independent of the Bose fields. For g 7^ 0, the bosonized expression of the derivative coupling piece of the Lagrangian 
(|2.ip contains terms of the form {gge^^d'^rj d^cj)) and {g e^^d^ J d^^rj), which gives a identically zero contribution to 
the equations of motion. 



^ Since the topological contributions to the momenta are given in terms of components of conserved currents, at the quantum level 
they generate Schwinger terms in the equal-time commutation relations. 



[n|(x), n|.fe)] = 0, 

[n^,(x), n|,(y)] = - 2iad^i5{x^ ~ y^) . 
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In going over to the bosonized quantum theory, the equations of motion for the Bose fields incorporate the 
corrections that arise from the Wilson short-distance expansions, which leads to a new sine-Gordon parameter 13. 
The bosonized theory is described by a free massless scalar field 77', a free massless pseudo-scalar field ^, and the 
sine-Gordon field $. 

Now, let us specialize to the Schroer model {g — 0). From (|3.38p the bosonized Hamiltonian is given by 

2 

Hs - 7' + ( 1 - 1^ ) + ™o cos (20F^) + SHs , (4.26) 

where 



and 




(4.27) 



(4.28) 



The bosonized Lagrangian is given by 

C, ^ 7'(5)<' + (1 - 1^)4"' - m'^ cos (2 V^^) . (4.29) 

Performing the field scaling 

the bosonized Lagrangian of the Schroer model can be written as 

J^s = 7\g)C + 4' - cos {Psip') , (4.31) 

where 

/3| = . (4.32) 

As we shall see, and contrary to superficial appearence of the Lagrangian (j4.3ip . the Schroer model corresponds 
to a derivative vector-coupling of a free massless scalar field with a free massive Fermi field with anomalous scale 
dimension. 



5 Field Operators 

In this section we shall consider the operator solution (|2.6p - (|2.12p taking into account the quantum corrections to 
the bosonic equations of motion. To this end, let us express the operator solution in terms of the Bose fields ??', ^ 
and $. The vector current (|2.10p can be rewritten as 

= --7"'5^?7' + J'', (5.1) 

TT 

where 

= -^€^""3^^. (5.2) 
27r 

In the quantum theory, taking into account the quantum corrections to the kinetic term of the field 77 carried by 
the factor 7(5,5), after the field scaling 777 = 77' a new wave function renormalization is needed, 

( - A* e ) ^ ' ^ Z^{e) [~ n e ) , (5.3) 
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with 



In this way, the Fermi field operator (|2.6p is given by 



7' 



where ^ is the generahzed Mandelstam field operator, 



1/2 



1 - ^ 



The generalized Mandelstam soliton operator (|5.6p has continuous Lorentz spin[f| 



c2 ~2 



(5.4) 



(5.5) 



(5.6) 



(5.7) 



in the range < tt, + < tt. The standard Mandelstam field operator with Lorentz spin 1/2 121 [15] can be 
obtained from (j5.6p by neglecting the quantum corrections coming from the bosonized Hamiltonian, which formally 
corresponds to consider = in the sine-Gordon parameter fi, and we obtain [S] 



*(x) 



^^,5 z(7^|$(a;) 



27r 

/3 



with 



1 - 31 



(5.8) 



(5.9) 



In this case, and for g = 0, we recover the results of the modified RS model presented in Ref. 9 . 

It should be stressed that the Fermi field operator (|5.5p formally corresponds to the operator solution of the 
Schroer-Thirring model ^ with two vector-current-scalar derivative couplings. Nevertheless, in the present model, 
the physical field is the pseudo-scalar field ^ that appears in the bosonized Lagrangian, instead of its partner 
^{x) = ^ /j, e'^'^d^^{z)dz'^ . In this way, the Fermi field ip obeys the quantum equation of motion. 



t^dM^) = -g-f^^N[j^,p{x)d,,v'{x)] - gN[j^jmx)d^ax)] - g^ N[3^{x)ri^ix)] +M^P{x), (5.10) 
where the normal product in (|5.10p is defined by the symmetric limit [2l [9l ITT] 



^As in the standard Thirring model 1191 120) . the operator (|5.6|l with generahzed statistics ("spin"), can be formally written in 
terms of a product of order (cr) and disorder (/x) operators 



^{x) = a-{x)fj.{x), 



where 



(t{x) 



fj,{x) 



which satisfy the equal-time dual algebra 

fj.{x)cr{y) = (T{y) fj.{x) e' 

The commutation between <t and /x produces a dislocation in the field <I> if cr is to the right of /x and leaves it unchanged otherwise. 
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7V[V'(x)9^$(x)] = Km I \df,^{x + e)ijix) + - e)^ix)] , (5.11) 

the current is given by (|3.27p . and A4 is a constant which is infinite, finite, or zero, depending on where the scale 
dimension of the mass operator 

D^-. (5^12) 

is greater than, equal to, or less than one [T51 lllj . 

From (j5.6p we read off the Thirring interaction hidden in the derivative-coupling model as an intrinsic property 
of the axial-current-pseudoscalar derivative interaction (modified Rothe-Stamatescu model) [iDj . 

Now, let us specialize once more to the case of the Schroer model g — 0. The operator solution (|2.6p can be 
written as 

^s(-) = {Z',y':e'31~'v'i^):^^°\^^^ (5.13) 
where ^ corresponds to a non- canonical free massive Fermi field with continuous Lorentz spin 

poo 

.1/2 .^ 5 i^{-f^lp'{x) + ao^'(x°,zi)dzi} 
^f(o)(.T) = (^i-j e~*4T :e Jx^ :, (5.14) 

with the Lorentz spin given by 

5=g. (5.15) 
The field operator obeys the quantum equation of motion 

i^dt^i^si^) = -gi-'N[^''^,ix)d^,7j'ix)] +M^si^)- (5.16) 

One concludes that in the Schroer model, the scalar field 77', as well as the underlying Fermi field remain free 
fields. The quantum effect of the derivative interaction is to give a non-canonical scale dimension for the Fermi field 
such that the scale dimension of the mass operator is given by|f| 

D = . (5.17) 



6 Concluding Remarks 

We have re-examined the bosonization of the two-dimensional derivative coupling model within the operator for- 
mulation. By considering the quantum corrections for the bosonic equations of motion, which imply a correction 
to the scale dimension of the Fermi field operator, the operator solution is given in terms of a Mandelstam soliton 
operator with generalized statistics ("spin"). In order to have a clear interpretation of the generalized Mandelstam 
operator (|5.6p . let us consider the massless Thirring model, which at the classical level is defined by the equation 
of motion ( = -ipj^^tp) 

ijt^d^^ ^ --g^J^j^ij, (6.1) 

which implies the conservation laws 

*The Lehmann spectral function for massive free fermions in the presence of a Wick-ordered exponential of a massless free scalar 
field has been computed in Ref . [T] . The fermion two-point function exhibits the infrared behavior 

1 

with D given by US. 171 1. 
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d^J^ = e^^d^J, = 0. (6.2) 
In this way, the conserved vector current can be written in terms of a scalar potential (j} as 

J' = -^e.^d'^i ^ -^d^^. (6.3) 
A particular class of the one-parameter family of classical solutions for the equation of motion is given by [llj 

where ■0'^'^^ is the general solution of the free Dirac equation 

^(0) ^ g»|(7^0 + 0)_ (6.5) 
The value (3 = 2^ corresponds to the canonical free Dirac field. For 

0" = , (6.6) 

one can write (|6.4p as 

^ ^ ^i{im^+^<i) ^ (6.7) 

For massless Fermi fields, the operator (j5.6p can be written as (unless constant multiplicative factors) 

where / is a renormalization constant and ^E''"' is the non-canonical free massless Fermi field operator 

^(0) ^ :e'§ ('''^+'^):. (6.9) 



The operator (|6.8|) is nothing more than the quantum version of the classical solution (j6.4p . For massive fermions, 
the scalar field is no longer a free field and, at the quantum level, the operator solution is obtained from (|6.8p by 
defining 



,0 



0(a;)= / dQ(t){x°,z^)dz^ , (6.10) 
and we get the generalized Mandelstam soliton operator (|5.6p . 

6 

where ^^^^ is the non-canonical free massive Fermi field operator 

^^^\x) = :e :. (6.12) 
The standard Mandelstam operator with Lorcntz spin ^ 



<f{x) = f{e):e :«'(°)(a;), (6.11) 



*(x) = :e :, (6.13) 

is obtained from (|6.1ip by setting & — f3 with (3 given by (|6.6p . From (|6.1ip and (|5.8p we read off the presence of 
the Thirring interaction in the DC model only for 7^ 0. 

Let us make a final comment. It is a usual pratice to perform the functional integral bosonization on the partition 
function level [H]. It should be stressed that at the partition function level, the free massless Bose fields t]' and ^ 
decouple, which should lead to a misleading conclusion concerning with the equivalence of the DC model with the 
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Thirring model. As rigorously showed in Ref. [22j . in order to obtain the fermion-boson mapping in the Hilbert 
space of states, the functional integral bosonization must be performed on the generating functional. 
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support. 
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